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$(M^{m}, g)$ , , , , ${}^{\mathrm{t}}i-$
. 1 $\gamma_{1},$ $\gamma_{2}$ : $[0, \infty)arrow M$
$\gamma_{1}\sim\gamma_{2}\Leftrightarrow$ $C>0$ $t\geq 0$ $d_{M}(\gamma_{1}(t), \gamma_{2}(t))\leq C$
. $M$ 1 $M(\infty)$
, $(M, g)$ . , $\overline{M}:=M\cup M(\infty)$ Eberlein-O’Neill
. $(M, g)$ , $M$ $\mathrm{R}^{m}$
, $\overline{M}$ , $\overline{M}\simeq\{x\in \mathrm{R}^{m}||x|\leq$
$1\},$ $M(\infty)\simeq S^{m-1}$ .
1. .
$\mathrm{D}^{m}=(\{x\in \mathrm{R}^{m}||x|<1\},$ $\frac{1}{(1-|x|^{2})2}\sum_{i=1}^{m}(dx^{i})^{2}\mathrm{I}$
. $\overline{\mathrm{D}^{m}}$ $\{x\in \mathrm{R}^{m}||x|<1\}$ , $\mathrm{R}^{m}$
– , $\mathrm{D}^{m}(\infty)=S^{m-1}$ .
2. .
$\mathrm{B}^{m}=($ { $z\in \mathrm{C}m|$ I $<1$ }, $\frac{1}{(1-|z|^{2})2}\sum_{i,j=1}^{m}\{(1-|Z|2)\delta ij+\overline{z}Z\}ijd_{Z}id_{\overline{Z}\mathrm{I}}j$
. $\overline{\mathrm{B}^{m}}$ $\{z\in \mathrm{C}^{m}||z|<1\}$ , $\mathrm{C}^{m}$




$(M^{m}, g),$ $(N^{n}, h)$ , $v\in C^{2}(M, N)$ . $M$
$D$ $E_{D}$
$E_{D}(v)= \frac{1}{2}\int_{D}|dv|^{2}dX$
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. $u\in C^{2}(M, N)$ ,
$D$ $u$ $E_{D}$ . $x\in M,$ $u(X)\in N$
$(U;(X^{1}, \ldots, X^{m})),$ $(V;(u^{1}, \ldots, u^{n}))$ .
$\tau(u)\alpha\triangle Mu^{c}+X\sum=\sum_{\gamma i,j}m=1\beta,=1ngijN\mathrm{I}_{\beta\gamma}^{\urcorner\alpha}(u)u^{\beta}u_{j}^{\gamma}=\mathrm{o}i$
$(1\leq\alpha\leq n)$
. , $\triangle_{M}$ $(M, g)$ , t) $g$
$(g_{ij})$ $(g^{ij})=(g_{ij})^{-1}$ , $N \mathrm{F}\oint_{\gamma}$ \iota $(N, h)$ .
, .
( )
$(M, g),$ $(N, h)$ . $f\in c^{0}(M(\infty), N(\infty))$





. , ( )





Definition. $(M, g),$ $(N, h)$ . $u\in C^{0}(M, N)$
, $x_{i}arrow M(\infty)$ $M$ $\{x_{i}\}$ , $u(x_{i})arrow N(\infty)$
.
Fact 1. $(\mathrm{A}\mathrm{k}\mathrm{u}\mathrm{t}\mathrm{a}\mathrm{g}\mathrm{a}\mathrm{w}\mathrm{a}[\mathrm{A}\mathrm{k}], \mathrm{L}\mathrm{i}- \mathrm{T}\mathrm{a}\mathrm{m}[\mathrm{L}\mathrm{T}\mathrm{l}])$
$u\in C^{2}(\mathrm{D}^{m}, \mathrm{D}^{n})\cap c^{1}$ ( $\overline{\mathrm{D}^{m}}$ , Dr) . $(r, \theta^{1}, \ldots, \theta^{m}-1),$ $(\rho, \eta^{1}, \ldots, \eta)n-1$
$\mathrm{D}^{m},$ $\mathrm{D}^{n}$ , $\mathrm{D}^{m}(\infty)$ .
$\{$
$(m-1)\rho_{r}^{2}=e(f)$ ,
$\eta_{r}^{\alpha}=0,$ $\rho_{\theta^{i}}=0$ $(1\leq i\leq m-1,1\leq\alpha\leq n-1)$ .





$u$ conformal map .
Fact 2. (Donnelly [Do])
$m,$ $n\geq 2$ . $u\in C^{2}(\mathrm{B}^{m}, \mathrm{B}^{n})\cap C^{1}(\overline{\mathrm{B}^{m}}, \overline{\mathrm{B}^{n}})$ , $f=u|_{\mathrm{B}^{m}()}\infty$ .
.
$d_{p}f(H_{p})\subset H_{f(p)}$ $\forall p\in \mathrm{B}^{m}(\infty)$ .
$\mathrm{B}^{m}(\infty)=S^{2m-1}$ , Hopf fiber $S^{2m-1}arrow \mathrm{C}P^{m-1}$ $p\in S^{2m-1}$
$H_{p}$ . $S^{2m-1}$ $\xi$ , $P$ $H_{p}$
. , $m=n$ , $f$ .
Note. Akutagawa, Li-Tam, Donnelly ,
, – , ,





Theorem. $m,$ $n\geq 2,$ $u\in C^{2}(\overline{\mathrm{B}^{m}}, \overline{\mathrm{D}^{n}})$ . , $u$
.
, $m,$ $n\geq 2$ . $S^{2m-1}$ $\mathrm{B}^{m}$ .
$\mathrm{B}^{m},$ $\mathrm{D}^{n}$ $z=(z^{1}, \ldots, z^{m})\in \mathrm{B}^{m},$ $x=$
$(x^{1}, \ldots, x^{n})\in \mathrm{D}^{n}$ . [LN] $\mathrm{C}^{m}$ global $N,$ $X_{j}(1\leq j\leq m)$
$[$ $N= \sum_{i=1}^{m}z^{i_{\frac{\partial}{\partial z^{i}’}}}$
$X_{j}= \sum_{=i1}(m\delta_{i}j-Z\overline{Z})ij\frac{\partial}{\partial z^{i}}=\frac{\partial}{\partial z^{j}}-\langle\frac{\partial}{\partial z^{j}}, N\rangle N$
. $\langle\cdot, \cdot\rangle$ $\mathrm{C}^{m}$ Hermite . ,
$\bullet$
$N+\overline{N}$ $S^{2m-1}$ .
$\bullet$ $\{X_{j}+\overline{X}_{j}, \sqrt{-1}(X_{j}-\overline{X}_{j}), \sqrt{-1}(N-\overline{N})\}_{j=1}m$ $TS^{2m-1}$ basis.
, .
Fact $3.(\mathrm{L}\mathrm{i}- \mathrm{N}\mathrm{i}[\mathrm{L}\mathrm{N}])$ .
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(1) $\sum_{j=1}^{m}z^{j}X_{j}=(1-|z|^{2})N$.
(2) $L= \sum_{j=1}^{m}x_{j}\overline{x}_{j}+(m-|z|^{2})\overline{N}+(1-|z|2)N\overline{N}=\sum_{j=1}\overline{x}_{j}x_{j}+(m-|z|2)N+(1-|\mathcal{Z}|^{2})\overline{N}Nm$ .
$f_{-}’^{\backslash ^{\backslash }}.\sim \text{ }$ ,
$L= \sum_{1i,,j=}^{m}(\delta ij-z^{i}\overline{Z}^{j})\frac{\partial^{2}}{\partial z^{i}\partial_{\overline{Z}}j}$.
Lemma 1. $u\in C^{2}(\mathrm{B}m, \mathrm{D}^{n})$
$\tau(u)^{\alpha}=(1-|z|^{2})[Lu^{\alpha}+\frac{2}{a(u)(z)}\{(Nu^{\alpha})\langle\overline{N}u, u\rangle+(\overline{N}u^{\alpha})\langle Nu, u\rangle-u^{\alpha}|Nu|^{2}\}]$





$+2(1-|z|^{2}.)(1-|u(z)|^{2})-1 \sum\sum_{\beta i,j=1,\gamma=1}(mn\delta_{i}j-z\overline{Z}^{j})i(u^{\beta}\delta\alpha\gamma+u\delta_{\alpha}\beta+u\delta_{\beta\gamma}\alpha)\gamma u_{\overline{J}}u_{i}^{\gamma\beta}$
$=(1-|Z|^{2})Lu^{\alpha}$
$+2a(u)(z)^{-1} \beta\sum_{1=}\sum_{j1}^{m}n=[\{\sum_{i=1}^{m}(\delta ij-Z^{i}\overline{Z}j)u_{i}\}\alpha u\beta\beta u_{\overline{J}}$
$+ \{\sum_{1i=}^{m}(\delta ij-z^{i}\overline{Z}^{j})u^{\beta}i\}u\overline{J}\alpha u^{\beta}+\{\sum_{1i=}^{m}(\delta ij-z\overline{z})ij\beta\}uu^{\alpha}u^{\beta}i\overline{j}]$
$=(1-|Z|^{2})Lu^{\alpha}$












$+2(1-|z|^{2})a(u)(z)^{-1} \beta\sum=1\{(Nu^{\alpha})(u\overline{N}\beta u^{\beta})+(\overline{N}u)\alpha(uN\beta u)\beta+u(\alpha Nu^{\beta})(\overline{N}u)\beta\}$
$=(1-|z|^{2})[Lu^{\alpha}+ \frac{2}{a(u)(z)}\sum_{\beta=1}^{n}\{(Nu)\alpha(u^{\beta}\overline{N}u^{\beta})+(\overline{N}u^{\alpha})(uN\beta\beta u)-u^{\alpha}(Nu)\beta(\overline{N}u^{\beta})\}]$
$+ \frac{2}{a(u)(z)}\sum_{j=1\beta 1}^{m}\sum^{n}\{=(xju^{\alpha})(u^{\beta}\overline{x}ju^{\beta})+(\overline{X}_{j}u^{\alpha})(u^{\beta}xju\beta)-u^{\alpha}(xju)\beta(\overline{x}_{j}u^{\beta})\}$ .
Lemma 2. ( $[\mathrm{L}\mathrm{N}$ , Lemma 2.1]). $f\in C^{2}(\mathrm{B}m)\cap C1(\overline{\mathrm{B}m})$ . ,
$S^{2m-1}$ , $\{z_{j}\}_{j=}^{\infty}\iota\subset \mathrm{B}^{m}$ .
(1) $z_{j}arrow z_{0}$ $(jarrow\infty)$ .
(2) $\mathcal{J}^{arrow}\mathrm{J}\mathrm{i}\mathrm{m}\{(1\infty-|z|^{2})\overline{f}(Lf)\}(zj)=0$ $J’arrow\infty$ .
Proposition .
Proposition 1. $u\in C^{2}(\mathrm{B}^{m}, \mathrm{D}^{n})\cap C^{1}(\overline{\mathrm{B}^{m}}, \overline{\mathrm{D}^{n}})$ . $S^{2m-1}$
.
$X_{j}u^{\alpha}=0$ , $\overline{X}_{j}u^{\alpha}=0$ $(1 \leq j\leq m, 1\leq\alpha\leq n)$ .
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Proof. $u^{\alpha}\in \mathrm{R}$ (Lemma 1)
$0=a(u)(Z)\langle \mathcal{T}(u), u\rangle$
$=a(u)(z)(1-|z|^{2})\langle Lu, u\rangle+2(1-|z|2)(2|\langle Nu, u\rangle|2-|u|^{2}|Nu|^{2})$
+2 $\sum_{j=1}^{m}(2|\langle xju, u\rangle|2-|u|2|X_{j}u|^{2})$ .
$z_{0}\in S^{2m-1}$ , Lemma 2 $\{z_{j}\}_{j=1}^{\infty}$ . $z_{j}$
$jarrow\infty$
(1st term) $arrow 0$ , (2nd term) $arrow 0$ .
(3rd $\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{m}$) $arrow 4\sum_{j=1}|\langle X_{j}u, u\rangle|2-2\sum_{j=1}|u|^{2}|x_{j}u|^{2}$ .
$|u(z_{0})|^{2}=1$
$(*2)$ 2 $\sum_{j=1}^{m}|\langle X_{j}u, u\rangle|^{2}=\sum^{m}j=1|X_{j}u|2$ .
$S^{2m-1}$ $|u|^{2}\equiv 1$





$X_{j}u^{\alpha}=0$ $(1\leq j\leq m, 1\leq\alpha\leq n)$
. $u^{\alpha}\in \mathrm{R}$
$\overline{X}_{j}u^{\alpha}=0$ $(1\leq j\leq m, 1\leq\alpha\leq n)$ at $S^{2m-1}$ .
$\square$
Proposition 2. $u\in C^{2}(\overline{\mathrm{B}^{m}}, \overline{\mathrm{D}^{n}})$ . ,
$(N-\overline{N})u^{\alpha}=0$ $(1\leq\alpha\leq n)$ .




$(m$ –1 $)(N- \overline{N})u^{\alpha}=\sum_{j=1}^{m}(X_{j}\overline{X}_{j}-\overline{X}jxj)u^{\alpha}=0$




Proposition 3. $u\in C^{2}(\overline{\mathrm{B}m}, \overline{\mathrm{D}^{n}})$ proper harmonic map . ,
$Nu^{\alpha}=0$ , $\overline{N}u^{\alpha}=0$ $(1 \leq\alpha\leq n)$ .
Note. Proposition $S^{2m-1}$ $(N+\overline{N})u^{\alpha}=0$ , $u$
$0$ .
Proof. Fact (2) Proposition 1
$(*3)$ $Lu^{\alpha}=(m-1)Nu^{\alpha}=(m-1)\overline{N}u^{\alpha}$ .
, $Nu^{\alpha}=\overline{N}u^{\alpha}\in \mathrm{R}$
$\langle Lu, u\rangle=(m-1)\langle Nu, u\rangle$ .
$S^{2m-1}$ $X_{j}u^{\alpha}=0,\overline{x}ju^{\alpha}=0$ $u\in C^{2}(\overline{\mathrm{B}m}, \overline{\mathrm{D}^{n}}),$ $\tau(u)=0$
$(*4)$ $a(u)(z)Lu^{\alpha}+4Nu^{\alpha}\langle Nu, u\rangle-2u|\alpha Nu|^{2}=0$.
$Nu^{\alpha}=\overline{N}u^{\alpha}\in \mathrm{R}$ .
$a(u)(Z)\langle Lu, Nu\rangle=-4|Nu|^{2}\langle Nu, u\rangle+2\langle Nu, u\rangle|Nu|^{2}$
$=-2\langle Nu, u\rangle|Nu|^{2}$ .
, $(*3)$
$a(u)(Z)\langle Lu, Nu\rangle=(m-1)a(u)(z)|Nu|2$ .




$(*5)$ $2m\langle Nu, u\rangle|Nu|^{2}=0$ .
, $(*3),$ $(*4)$ $u^{\alpha}$ $\alpha$
$\langle Lu, u\rangle=(m-1)\langle Nu, u\rangle$ ,
$a(u)(_{Z})\langle Lu, u\rangle+4\langle Nu, u\rangle 2-2|Nu|^{2}=0$
.
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